Abstract: Recently discovered records of electrical measurements that were performed on the trans-Atlantic cable in 1857 have been analysed using the transmission line matrix (TLM) numerical technique. Comparisons between the 1857 data and TLM simulations suggest that the original measurements were made on a section of the cable, probably between 200 and 300 miles. The electrical properties of the equipment used for signal transmission and reception have been included in the models and results would suggest that the influence of receiver inductance was not a particularly significant factor in the reception of signals.
Introduction
As part of a wider research programme into the life and work of Dr E.O.W. Whitehouse one of the authors (A.G.) has uncovered a set of measurements that were made by him on the trans-Atlantic cables in 1857. Whitehouse is better known as the electrician of the Atlantic Telegraph Company, who was made the scapegoat for the failure of the project after only a few weeks operation. The cable had been rushed to completion using materials and manufacturing processes where quality control was virtually non-existent and after being coiled in and out of ships twice over was almost certain to fail; nevertheless, it was Whitehouse and his giant induction coils, who was to be blamed for the failure and dismissed from the company.
An alternative view has been put forward [1] , which suggests that exothermic vegetable decay in sections of the cable that was stored for several months in an Admiralty powder magazine might have caused local softening of the gutta-percha insulation and therefore displacement of the copper conductor from it co-axial position.
To current view it might seem strange to see Whitehouse, a surgeon, acting as the electrician to the Atlantic Telegraph Company, but he was not alone. Helmholtz was both a doctor and a physicist and the unifying factors were his preoccupation with the nervous system as well as the workings of the ear and eye. Since the time of Volta there was an intense interest in the reaction of the nervous system to electrical excitation and there would have been cross-fertilisation between those who had electrical sources and those who had techniques for accurate electrical measurement.
The records, in the form of oscillogram traces were uncovered in the Science Museum Library & Archive at Wroughton in Wiltshire within a collection attributed to Charles Wheatstone. They comprise one curve ( Fig. 1 curve A) involving the charging of the cable with a bank of 4 × 12 sand cells. As these had an output of just over 1 V (when fresh) we may assume that the cable experienced a potential of 50 V. The other two curves represent InductorResistor-Capacitor circuit (LRC) responses when one (curve B) and two (curve C) of his 36 in. induction coils were driven with two Smee cells. In his address to the B.A. in 1855 Whitehouse expressed his interest in understanding better the nature of electrical pulse transmission and indicated that he had been making autograph records of signals through cables [2] .
'My next endeavour was to get an automatic record, -an 'Autograph' of the magneto-electric current, and to observe its habits and behaviour in the cable wire. For this purpose I availed myself of a series of magnetoelectric induction coils, capable of being excited by a Grove's, Maynooth or Smee's battery of tolerable power -all being included in the same quantitycircuit of the battery.
The secondary wire of one of these coils was made to record itself through a short circuit (of 18 or 20 ft) direct upon the paper. The secondary wires of the remaining coils were arranged in series, and connected with the long circuit, of 1125 miles; the receiving or test apparatus with the paper, being placed in the middle of this length, or in other words, at as great a potential distance as possible from the source of the current.'
This work however was limited to measuring the time delay between the transmission and receipt of signals in a long cable. The 'Wroughton curves' (Fig. 1 ) that are signed by Whitehouse and dated July 1857 appear to show a more sophisticated approach to obtaining the 'Autograph' in that he is demonstrating he has the capability with his instruments to plot the duration and shape of telegraph signals. Albeit the curves were probably the first time such waveforms had been measured, one is drawn to the conclusion that Whitehouse was a poor experimentalist and a very poor reporter of his experimental work. Within our modern interpretation of good practice we see little evidence of an experimental approach and if a report of work done should allow others to emulate it, then there is much that is wanting. There is no indication of the precise length of cable that was used. As we will demonstrate later, it can only have been in the region of a few hundred miles at most. We know nothing about the exact properties of the coils [within the context of wider ranging research into Whitehouse's work that is being undertaken by one of the authors (A.G.), details of his induction coil and other artefacts held in the Science Museum will form the basis of a paper which is in the course of preparation.] that were used for excitation and we do not know anything about the electrical characteristics of the receiving instrument to estimate the impedance which it would have presented.
Some of the problems that we encounter must of course be owing to the limitations of the time. Inspection of Fig. 1 shows the voltaic curve starting from zero, but the two inductively excited curves have y-axis values even at t ¼ 0. There would have been no reasonable way of starting the excitation at the same instant as his recording instrument. With the benefit of modern knowledge, we can attempt a guesstimate of what this missing time might be. However, Whitehouse would have had no theoretical knowledge of the complexities of LRC circuits and he would not necessarily have been aware that the distributed RC nature of the cable introduces a delay or 'latency period', which for a fixed scale is a function of cable length. This paper represents our attempts to reproduce his results using numerical simulations. It was not entirely surprising that to get any measure of agreement it was necessary to model the entire system comprising the signal generator, the transmission medium and the receiver. In the first instance, we will provide a review of LRC circuit theory. Details of the transmission line matrix (TLM) numerical method, which was used here are available from many sources [3 -5] . This paper will describe how we developed models for the source, the transmission medium and the receiver and particularly how these components have been interfaced in our model.
Once the background to the system simulation has been covered we will describe how the variation of parameters affect the voltage/current time response at the receiver to see what this can tell us about the experimental arrangement that Whitehouse might have used in these measurements. 
LRC circuit theory
The standard analysis for the natural response in a series RLC circuit expresses the current as a second-order differential equation
The equivalent characteristic equation The second case (critically damped) is where a 2 − b 2 = 0 In the third case (over-damped) a 2 − b 2 . 0. Here we have two solutions, so that the current is of the form
Of course, an induction coil connected to the end of a cable (a distributed RC line) will be more complicated than this except as a first approximation. In the next section, once we have demonstrated the basic concepts of the TLM numerical method, we will apply it to a simple LRC circuit to demonstrate that we can emulate the above conditions
TLM numerical method
The TLM numerical method starts with a spatial discretisation of a physical problem which is in all ways similar to that which might be used in the development of an equivalent finite-difference model based on the construction of an electrical circuit analogue. Whereas time discretisation is imposed externally in the latter approach, it is made implicit in TLM by the incorporation of sections of transmission line. Transmission lines have an inherent time-delay and for a given line of length, Dx and impedance, Z we have a defined Dt. Using a concept that is familiar in digital signal processing, signals are imposed on the resulting electromagnetic circuit as a series of delta pulses. These propagate throughout the matrix of transmission lines and are scattered at impedance discontinuities. Their subsequent concentration at any location at the end of a time-step is a solution of the problem for that position and for time (kDt) where k is the iteration index. The basic theory of this method can be found in a range of sources [3 -5] .
Full details of the transmission of the letter 'L ' using Steinheil Morse on a distributed RC line with the electrical characteristics of an Atlantic cable of the 1865/66 era can be downloaded from http://www.dandadec.co.uk/page2/ page2.html where the file is titled 'Telegraph Cable Simulation'. This includes Matlab code and instructions about which part of the code may safely altered for different letters and for different electrical characteristics.
TLM model for an ideal LRC circuit
Johns and O'Brien [6] were the first to translate a lumped electric circuit into a TLM model for the purposes of determining the time-domain response. Johns had recognised that when a microwave 'stub' (a transmission line of length Dx/2) is terminated in an open circuit the apparent impedance is
This represents a capacitance for 0 , vDt/2 , p/2 where v ¼ 2pf ( f ¼ frequency). Within this range Z C ¼ Z obs . The tan(vDt/2) term can be expanded using a Maclaurin series so that the equality can be rewritten as
This means that for small values of vDt/2 we can approximate
This is extremely effective, although the requirement to ignore all terms higher than the first in the Maclaurin expansion puts a limitation of the size of Dt that can be used in any simulation.A similar analysis for a microwave 'stub' terminated in a short circuit gives us
In chapter 4 of de Cogan and de Cogan [7] this transition from LRC circuit to TLM equivalent is shown in detail and Matlab code is provided. The exact same code was used as part of the development of a model of the Wroughton measurements. In order to test the algorithm we considered a circuit comprising a 90 H inductor connected in series with a 2.4 mF capacitor and a 700 V resistor. The iteration time step used in the TLM simulation was 1 ms. The circuit was connected to a 100 V source for the first iteration only, thereafter, it was allowed to respond naturally. According to the above theory this should have the following parameters:
1657 which corresponds to a frequency of 34.247 Hz In the TLM simulation, which was run for 1 s, the observed frequency was 34.2466 Hz.
A plot of the natural log of the simulated peaks as a function of t, measured over the entire timescale yielded a slope of 23.8877. These results clearly demonstrate that our TLM algorithm is capable of accurately modelling a series LRC circuit using component values which are of the same orders of magnitude as those that we will be considering when we model Whitehouse's measurements.
Interfacing the transmitter and the cable
We start by approximating Whitehouse's coil as an energised inductor which is connected into the end of the cable at time, t ¼ 0 with the other end connected to ground. This analysis looks at interface between the cable and the coil, which we shall treat as an ideal inductor in series with the winding resistance. The first thing that must be remembered is that a pulse which is scattered to the left from node 1 at time, k will arrive at the interface boundary at time k + Dt/2 (Fig. 2) . Note that in this context the superscript 's' implies that we are considering a scattered pulse. The subscript 'L' does not refer to inductance, but to the position of the pulse in relation to the node centre. A pulse moving away to the right of the node would be s V R (1) . Pulses that are incident on the node from left and right use a superscript 'i '.
The question is then: what signal is reflected back into the cable, so that it will become incident from the left at node 1 at iteration, k + 1? If we put ourselves in the position of someone who is located at the interface, then it is easy to see that the resistor to the left of the node centre is located at a distance, Dx/2. Therefore at the instant that we are considering a signal at the interface would have no knowledge of the presence of the resistors and the other transmission line in the vicinity of the node centre. We can therefore use a Thévenin equivalent circuit as discussed extensively by Christopoulos [3] . We see both the impedance, Z Tx and resistance, R Tx of the coil, but only the impedance of the cable transmission line, Z. We also see the two Thévenin voltage sources, one for the coil inductance and one for the cable line to the left of the node centre.
The overall potential at the interface is the sum of the currents divided by the sum of the admittances.
The current flowing in the interface circuit is given by
Using this, we can determine the total voltage across the ideal coil
Therefore we have
which is scattered into the coil transmission line. This signal travels the length, Dx/2 of the stub, hits the short-circuit termination and is returned in anti-phase to the terminals after one time interval Dt.
This will be the value that will be used in the above equations at the next iteration and we have now finished with the coil for this time-step. Meanwhile, the signal that is scattered back into the cable transmission line will become incident from the left on node 1 at the next iteration and is given by
In his experiments Whitehouse connected two coils together and initial numerical tests would suggest that this was a parallel arrangement. One might be tempted to simply sum the parallel impedances and coil resistances and if the coils had been identical, then there might be some justification for this approximation. Again, initial numerical tests indicate that the electrical properties of the coils were not identical and therefore one should use an analysis based on the circuit shown in Fig. 3 .
In this case the signal incident from the left at node 1 is as before
where the potential f Tx is
Since we now know f Tx it is easy to calculate the currents that flow through the respective coils
The terminal voltages are then
The scattered and incident pulses in the two inductive stubs are then determined as before.
Interfacing the receiver and the cable
At the far end of the cable the signal scattered to the right from node n max travels during a time Dt/2 at which point it encounters the coil of the receiver, which is represented by impedance Z Rx and resistance R Rx . Again, we consider only the impedance, Z of the cable, so that the potential is
which is the current that we monitor as output from the simulation. Using this current we can determine the total voltage across the ideal coil
This will be the value that will be used in the above equations at the next iteration and we have now finished with the coil for this time step. Meanwhile, the signal that is scattered back into the cable transmission line will become incident from the right at node n max at the next iteration and is given by (Inventory ref 1862-160) . A detailed physical examination has been made but because of damage to the windings it is not possible to measure any electrical characteristics. Resistance and inductance for the secondary winding has been estimated based upon measured physical parameters. The measured wire gauge and overall dimensions of the secondary suggests that it would contain between 1500 and 20 000 turns. The wrought iron core would have a possible permeability between 10 and 2000 depending on the induced magnetising current. All variables considered it is felt that the computations based across resistance values between 100 and 10 kV and inductance between 50 and 300 H are sufficiently wide to prove the case.]. The receiver was modelled as an inductor (L Rx ¼ 0.2 H, R Rx ¼ 200 V). An initial test using 80 miles of cable indicated that the system was under-damped; the received signal displaying heavily attenuated oscillations. The results for longer distances of cable are shown in Fig. 4 . The first thing to observe is a latency period that can be seen in all cases. This represents a time delay between the switchon of the transmitter and the arrival of an appreciable signal at the receiver. This is not seen in the Wroughton curves (Fig. 1) , but of course, Whitehouse might not have had the technology to start his recorder at the instant of transmitting his signal. Indeed, we see that both of his inductive traces have appreciable signal, when his time-base starts. Table 1 contains rough estimates of the time interval between the end of the latency period and the arrival of the peak signal as a function of cable length.
There are various ways in which we could compare these with the single coil Wroughton curve. The peak occurs at 0.13 s, but if one were to extrapolate back to a time corresponding to a zero on the vertical axis, then the time interval is 0.18 s. An alternative approach involves a comparison of the time to rise the same percentage of current as the Wroughton curve. Either way, for this particular set of input parameters we can hypothesise that the cable used in Whitehouse's circuit was probably a little over 320 nm.
We investigated the effect of changing the magnitude of the transmitter coil inductance. For this experiment, coils of inductance, 50, 150 and 300 H were used, but in all cases the winding resistance was maintained at 700 V. Each coil was attached in turn to 350 miles of cable and the other end was connected to a receiver with (
The results are shown in Fig. 5 . It can be seen that, although the signal amplitude is reduced for higher inductances, the time of arrival of the peak is not significantly affected by inductances within this range of values.
The next thing that was done was to investigate the influence of the resistance in the coil windings. For this numerical experiment a coil of 50 H was attached to 350 miles of cable and the response was monitored using the same receiver as earlier. The results are shown in Fig. 6 . It is clear that this has a greater influence on the time of arrival of the peak signal. The trailing edge of the 10 kV plot has much in common with the character of the singlecoil Wroughton curve, although the time of arrival of the peak is somewhat later. From this, one might conjecture the Whitehouse experiment involved a length of cable which was shorter than 350 miles, and the coil resistance was indeed very high.
Variations in the receiver parameters were also investigated and although it might seem strange, the effects of coil inductance over a wide range of winding resistances were almost negligible. The receiver coil resistance had a relatively small effect. Experiments were performed on a 300 mile cable with (L Tx ¼ 50 H, R Tx ¼ 10 kV). The receiver coil inductance was maintained at L Rx ¼ 5 H, while the response to R Rx was monitored over the range 200-5000 V. The overall effect of increasing receiver resistance was to reduce the peak height by 30% and to increase the time to arrival of the peak by 0.07 s.
Two transmitter coils in parallel
In this set of investigations a section of 320 miles of cable was used in connection with a receiver where L Rx ¼ 5 H and R Rx ¼ 5000 V. The first test involved connecting two identical coils (L Tx ¼ 50 H, R Tx ¼ 10 000 V) in parallel and the results in Fig. 7a shows how these compare with the response for a single coil. It is interesting to note that the results for the pair of coils are identical to those obtained when a single coil with (L Tx ¼ 25 H, R Tx ¼ 5000 V) was substituted. At this point, the Wroughton curves present us with a problem because the ratio of the peaks for one and two coils in Fig. 7a is 1.5 , whereas the equivalent ratio in Whitehouse's measurements (presuming that they are on the same baseline) is closer to 2.9. This would suggest that the electrical properties of the two coils were quite different from each other. Accordingly, we considered a situation where the single coil had an inductance of 80 H and a resistance of 12 000 V, whereas the coil that was added in parallel had an inductance of 30 H and a resistance of 6000 V. The results in Fig. 7b have a peak ratio of 2.2, which would tend to confirm the hypothesis.
Voltaic excitation of the cable
We now consider the last of the curves in Fig. 1 , the one which Whitehouse captions as 'Voltaic 4 Twelve cells sand'. From his point of view, it takes much longer to peak than either of his 'Magneto electric' curves, which would have strengthened his argument for using induction coils. From ours, it looks like a typical RC charge-up with a lot of distortion of the curve. Comparisons with 'wobbles' in the other curves might suggest an underlying feature, but for the present argument we will assume it to be a measurement artefact that needs to be smoothed out. This was done by hand-plotting and smoothing of relevant data extracted from Fig. 1 .
There is still a question of whether the data in Fig. 1 is in fact current or voltage as we now understand these quantities. Let us assume that it is a current. From knowledge of sand-cells, it is probably fair to say that 50 V was applied at one end. How the 'current' at the other end (measured by Whitehouse in grains) can be related may be to this voltage through the resistance of the receiver, R Rx may be determined from the equation.
We are probably safe in writing P(t)
There is a problem in that any attempt to estimate the slope using log e P 1 − P(t) P 1 = − t RC might appear to be confounded by our lack of knowledge of the precise value of P 1 . This turned out not to be the case, as plots of log e [(P 1 2 P(t)/P 1 )] against t exhibit positive or negative curvature except for a fairly precise value which was a reasonable estimate for P 1 . Armed with this we were able to calculate the slope. Now, if only the cable contributes the value of RC in the slope then we can determine the length of the cable from
All efforts to relate the value of n derived from these measurements (with and without reasonable receiver resistance) suggested a cable length which is quite different to that used in the magneto-electric curves. This led us to conclude that the battery had in fact been connected to the cable in series with the secondary of the induction coil.
If we return to the problem of Section 2, but in this case we apply a voltage
Assuming that the battery provides 50 V This has two roots
and s 2 = −a − a 2 − b 2 with a and b defined as before In the over-damped region this has a solution 
If we consider 300 miles of cable with an inductor, L Tx ¼ 50 H, R Tx ¼ 10 000 V, then the total capacitance, C ¼ nCd ¼ 78 mF and the total resistance R ¼ nR d + R Tx ¼ 40 000 V, (n is the length of the cable). In this case we find that the values of the roots are s 1 ¼ 20.322 and s 2 ¼ 279.67. The relative order of magnitude of these two roots is similar for all reasonable lengths of cable which fulfils with the over-damping condition. Thus, we can rewrite the above equation as
which does indeed exhibit the same behaviour that is observed experimentally. Although the analytical treatment may be informative, it ignores the distributed nature of the cable as well as the electrical properties of the receiver connected at the other end. A full numerical simulation was undertaken using a cable attached to a receiver with L Rx ¼ 5 H, R Rx ¼ 500 V. The output signal was normalised so that when the exponential had effectively disappeared the value V(t ¼ 1) was equal to P(t ¼ 1). For a cable of a given length attached to an inductor we then determined the latency period and time shifted the data by something slightly greater than this amount in an effort to match the two sets of data. The final 'tuning' of the match was achieved by adjusting the length of the cable. Fig. 8 shows one such match where the smoothed Wroughton curve has been shifted by 0.07 s and matched to a 195 mile cable with L Tx ¼ 50 H, R Tx ¼ 6000 V. The agreement might appear remarkable, but it is not unique. For instance, excellent match was also obtained for 245 miles of cable attached to an inductor with L Tx ¼ 500 H, R Tx ¼ 2000 V when the Wroughton data was shifted by 0.13 s.
Conclusions
This analysis, while being based on sound numerical simulation techniques, must of necessity involve much subjective judgement. There is much that could be done, but, given the lack of rigorous experimental technique, or at least the lack of rigorous reporting by Whitehouse, we do not know if his inductive measurements used the same baseline or whether the initiation times were comparable. However, the near coincidence of peaks suggests that this might have been the case.
The simulations leave us quite certain about some things. The first is that these experiments were not performed on the full length of cable that was to be laid in the Atlantic. Our best estimates are that something between 200 and 300 miles was used. The second is that when two coils were used in parallel in his measurements, their electrical properties were certainly not identical.
The Wroughton curves give no indication of a latency period and yet the distributed nature of the cable makes one intuitively obvious. The fact that this was 0.05 seconds for the simulation in Fig. 8 would suggest that it would not have been possible to detect such using any equipment that might have been available to Whitehouse.
If we consider the matching of the voltaic curve (curve A in Fig. 1 ) one might pose the question: given Whitehouse's antagonism to electric as opposed to magnetic telegraphs is it not strange that he would have connected up his circuit in this way. Curve A would certainly demonstrate (from his view-point) that his induction coils give a much more pronounced signal. We could speculate that this might have been a 'lash-up' experiment where it was easiest for him to unhook one of the wires between the induction coil output and the cable and interpose a battery.
One of the surprising outcomes of this work has been the apparent lack of influence of the magnitude of inductance in the receiving apparatus, particularly as this was one of the points raised in other work [8] . The receiver series resistance does have an effect, but it is suspected that the problems were more to do with inertia and mechanical friction in what was really a crude device.
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